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L?” MULTIPLIERS WITH WEIGHT | x |7 ~!
BY
BENJAMIN MUCKENHOUPT' AND WO-SANG YOUNG?

ABSTRACT. Let k be a positive integer and 1 <p < oo. It is shown that if T is a
multiplier operator on L” of the line with weight | x [¥?~!, then Tf equals a constant
times f almost everywhere. This does not extend to the periodic case since m(j) =
1/j, j # 0, is a multiplier sequence for L? of the circle with weight | x[?~'. A
necessary and sufficient condition is derived for a sequence m(j) to be a multiplier
on L? of the circle with weight | x |27,

1. Introduction. This is a continuation of our previous work with R. L. Wheeden
on multipliers for weighted L? spaces [2, 3]. The underlying space we consider here
will either be the line R or the circle [-7, 7]; f and f will denote the Fourier
transform and inverse Fourier transform of f. For 1 <p < oo, L/ is the space of
functions f with Il 1l , , = ([ |fP | x|"dx)'/? < c0. Let Sy, be the set of all functions
whose Fourier transforms are infinitely differentiable, have compact support and
vanish near the origin. A function m, locally integrable in R\ {0}, is said to be a
multiplier for L/(R) if

(1.1) 1T Il dx < e f 1A |l

for all f in §. There is no analogue of &y, for the periodic case. Instead, for
k=0,1,2,..., we let S, be the set of trigonometric polynomials with f(H=o,
J=0,1,...,k. A sequence of numbers {m(j)}?=_,, is a multiplier for L([-m, «]) if
(1.1) holds for fin S,, k = [(y + 1)/p] — 1. (As usual, [«] is the largest integer less
than or equal to a.)

In [2] we characterized multipliers for Lf, y# 2k — 1, k a positive integer.
Results for the line and the circle are analogues of each other. In [3] we studied
weighted L? results for various classes of multipliers. In particular, sufficient
conditions were obtained for a function m(x) to be a multiplier for L7 for all y > -1
if y # kp — 1, k a positive integer. In this paper we consider multipliers for the
“missing indices”, y = kp — 1, k a positive integer. Unlike [2 and 3], the results
obtained here are different for the line and the circle. We will show in §2 that
multipliers on L{,_(R) are trivial by proving the following theorem.
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624 BENJAMIN MUCKENHOUPT AND WO-SANG YOUNG

THEOREM (1.2). Let k be a positive integer, 1 < p < oo, and m be locally integrable
in R\ {0}. If for all f in &,

AP kp—1 < P, kp—1
(1.3) jn|(mf)| |x| dx\cjnm x| " ax

with c independent of f, then m equals a constant a.e.

In contrast to this theorem we will now show that m(j)=1/j, j#+0, is a
multiplier for L{, (-, 7]), 1 <p < oo, k a positive integer. Let f be a trigonomet-
ric polynomial in S, _,. Then

. 2\ s __]_ T
i(mf ) (x) —fx f(r)dt — f_"tf(t)dt.
By Hardy’s inequality [S, p. 272] and the fact that | x P < cif | x|<m,
L4 T 14 _ - _ )
[\ a7 aeef 1

To estimate the integral of the second term, we observe that, since f € S, _|,

[ (t— p ('_""") ) £(t) .

The fact that 242 2/ /j = -log(1 — z) + O(z*) shows that the right side of (1.4) is
bounded by ¢/, | ¢|*| f(¢) | dr. Hence, we have

f_" %’f_ﬂ"tf(t) a Ix|“ " dx < c(./_",, Ik |f(t)|dt)p
<cf" 1) a,

-7

(1.4) If:rtf(t) dt.=

by Holder’s inequality. Therefore m(j) = 1/j is a multiplier for L{, ([, =]).

In §§3-5, we characterize all multipliers for L3, _([—, 7]), k a positive integer. In
the following A denotes the forward difference, i.e., A°m(j) = m(j), and for
s=0,1,2,..., &"'m(j) = &m(j + 1) — Am(j). Also, for any integer / and for
§=0,1,2,...,1% is defined by IV =1(I—1)({—2) ---(I—s+ 1) for s > 1 and
19 = 1. The characterization is given in Theorem (1.5).

THEOREM (1.5). Let k be a positive integer and {m(j)}2
numbers with m(j) = 0 for0 <j <k — 1. Then

(16) LI P 1™ e e 171" a

forallf €S, _|ifandonly ifm € 1°, and, for h = 1,2,...,k, m satisfies

2 _« be a sequence of

2An—1 |m(j +1) — SiC (}(1(3)/3')Asm(1)| c
(17) |z>:uj ( )Eo > 108(# +1)°

p=12,....

In this paper, ¢ denotes a positive constant which depends on k and m and may
vary from line to line.
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2. The nonperiodic case. To prove Theorem (1.2) we first observe that (1.3) implies
that m € L™. This can be shown in exactly the same way as in the proof of Theorem
(2.2) in [2]. The rest of the proof is contained in the following lemmas.

LemMMA (2.1). Let m € L®, 1 <p < o0, and k= 1,2,.... Suppose {f, )=, is a
sequence of functions in S, such that for sufficiently large n,

(2.2) /R (mf,)T |x" ™" dx < clog ,
(2.3) /R ILF %" dx < clog n,
and

(2.4) there is a subset A C [1,2] with positive measure such that c | fn(x) |= log n for
x € A. Then m = constant a.e.

LEMMA (2.5). Let 1 <p < oo, and k = 1,2,.... Then there exists a sequence of
functions { £}, in Sy, such that (2.3) and (2.4) hold for sufficiently large n.

PROOF OF LEMMA (2.1). We first consider the case k = 1. The inequality
a N Y4
+h) =) 2 Py o
2.6 |f(x X dhdx<c X dx
2o [ [ 7 x| L1 1

is proved in [5, pp. 139-140] for p = 2. The same proof, using a continuous version
of Paley’s theorem [6, Volume II, p. 121] instead of Plancherel’s formula, implies
(2.6) for 1 < p < 2. Similarly,

A a P
2.7 f f /Cx + h) Z_f(x)l dh dx < cf Vid lep_]dx, 2<p<oo.
R’R |h| R
We shall consider the case 1 < p < 2. The case 2 <p < oo can be done in the
same way. By (2.6) and Minkowski’s inequality, we have

(2.8)

AP =1 Im(x + h) — m(x)|" s NPy P2
fR|(mf,,)| |x| dx>cfA fR 7 dn| |7, 1x " ax

+ ) i+ h) = A

—f [ Im(x y dh dx.

R“R |A]
The left side is less than clog n by (2.2). The first term on the right is larger than
Im(x + h) = m(x)[’ ’
CL /R 7 dh dx(log n)

by (2.4). Using the boundedness of m, (2.6) and (2.3), we see that the second term on
the right has absolute value less than ¢ log n. Combining all these, we have

ff |m(x+h);m(x)|pdhdx<c(logn)l-p
AR |A|
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for all sufficiently large n. This implies that

[

which in turn implies that m(x) = constant a.e.

To prove Lemma (2.1) for the case k > 1, we shall show that there exists a
sequence {g,}2%, in S, satisfying (2.2)—(2.4) with k replaced by k — 1. The lemma
will then follow by induction.

To do this, we define g,(x) = [ f,(¢) dt. Then, since g,(x) = —[*_ f(1) dt, it is
easy to verify that g, € L' and g,(x) = (1 /ix)f:,(x), x # 0. Hence g, € §,, and
by (2.4),

1,
|2.(x)| = mlﬁ,(x)l>clogn

for x € A. To show that {g,} satisfies (2.2) for k — 1, we observe that

jR |(mg,)] 1x“" " a f
= ‘ f°° (mf,) dt‘ 4
RIYx

Hardy’s inequality [5, p. 272] implies that the last integral is less than
¢ |(mf,) P x o~ dx,
R

which in turn is less than clog n by (2.2). The proof that {g,} satisfies (2.3) for k — 1
is similar.

This completes the proof of Lemma (2.1).

PROOF OF LEMMA (2.5). We first show that there is a sequence {g, .}, in L*
with compact support such that for sufficiently large n,

I(k_ Hp—1 dx

(2.9) 8.,k(0) = &, 1(0) = --- = g,7(0) =
(2.10) [ il 15 dx < clogn,
R
and
(2.11) |8, «(x)|=clogn forx €[1,2].

The g, ,’s are defined as follows. Forn = 1,2,..., let

ga(x) = x"[x“/n‘,](x) - X[l,n](x)]‘
For k > 1, g, , is defined recursively by

(2.12) 8ak(x) = x_l[gn,k—l(x) - gn,k—l(zx)]'
We can also write g, ,(x), k> 1, as

= '
(2.13) gn,k(x) = ;7(‘_—, 2 ck,jgn,l(zjx)’

j=0
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where ¢, ; is given by
k—1 k=2 )

(2.14) Doa,x =11 (1 -=

!
j=0 =0 2

That {g, ,} satisfies (2.9) and (2.10) follows readily from (2.12) and induction on
k. The proof of (2.11) is divided into two cases: k =1 and k> 1. For k = 1, we

have
Lol b= val|f L)

The first term on the nght is equal to log n. The second is majorized by | aXt/tdt,
which is less than 2 for x € [1,2]. By integration by parts, the third term is equal to

|gn l(x)|>

—IX" —1xt
—ixn - _'/l zxt2
This is less than 1/nx + 1/x + (1/x)(1 — 1/n) <2, x €[1,2]. Hence, for suffi-
ciently large n, | 8, (x)|= clog n, x E [1 2).

For k > 1, we recall that §)(0) = 0,/=0,1,...,k — 2, and write

k—2
gn,k(x) = gn,k(x) - E N gr(nl)k(o)

:Lgn’k(t)[e—ixt_ i (_Il't) x’] dr.

=0

Using (2.13) and a change of variables, we get

(215) 8,4(x) = zc 240 [ g, 1(0[ e 2 e jt)}d,

U1 (=ix27)"”

c, 2Jk=D) ~ == J
2 k. itk (k= 1)!

j=0
k—

2 21(k 2)]' k[ —ix27r _ 2 (~tx2 1) }dt
j=0 I/nt
k-1 k=2 [ .n_inl
-2 (" 1| _ix2-i —ix27/t
- ,zock’fzj(k 2)1; t_k[e ol (___l'__)_
j= =

For x € [1,2], the modulus of the first term on the right is larger than

(k= 1)1| 2%

dt

~log n.

This, because of (2.14), is larger than clog n for some ¢ > 0. To estimate the second
term on the right of (2.15) we observe that

—ix27 /¢t kzl ( lx2 jt)
=0

e

' &
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Hence the modulus of the second term is majorized by ¢, x €[1,2]. Finally,
estimating the integral of the terms separately, we obtain that the modulus of the last
term of (2.15) is less than ¢, x €[1,2]. Hence, when n is sufficiently large,
| 84(x)|> clogn, x €[1,2].

We have thus obtained a sequence {g, ,};-, that satisfies (2.9)-(2.11). To finish
the proof of the lemma, all we have to do is approximate each g, , by a function
f, € Sgp in both the L? norm and L{,_, norm. This is possible because of Theorem
(6.1) of [2]. This completes the proof of Lemma (2.5) and hence the proof of
Theorem (1.2).

3. Periodic case: preliminaries. The proof of Theorem (1.5) is more difficult, partly
because there are multipliers for the periodic case, and partly because of the
complications that result from replacing derivatives by differences. We shall need the
following lemmas.

LEMMA (3.1). Let k = 1,2,.. ., let f be a trigonometric polynomial. Then

P s s PO D = B /s)80)
62) [ VK™ ae~3 3 2

where, as usual, ~ means that each side is bounded above by c times the other side.

ProoF. We first observe that for s = 0, 1,.
(3 &)= 2 V(GG = [ g = 1yetar
h=0 —

Hence the right side of (3.2) is equal to

2

e yfeal

s)

) k 1 /¢
f f(t)[ -3

which, by Parseval’s identity, is equal to

T2k
1#0 l

ilt __ - s —-it __ ’2
of oy RS,

2k
1%0 )

The lemma will be proved if we show that

e—ilt Ek I(I(s)/s' -it _ 1) 2k )
(3.4) 2 | ok l .

1#0

To prove (3.4), we let ¢(z) = z/. Repeated integration by parts, as in the proof of
Taylor’s theorem for a real variable, shows that for z = e, | t|< =,

_Se0) $0) (e
¢(Z)_S§0 s! ( 1) +f( l)' l) d{’
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where T is the path on the unit circle joining 1 to z. From this it follows that for / an
integer,
k—1
; 1) 1 _ k=1
—ilt _ e it — ~" — I—k(¢ 1
(35) =3 =1 = [ ot )

s=0

(k)
' [le®(1~ €)' ag.

k=D
Hence
k—1
. “ [1®] |k k| ik
—ilt __ —-it __ s < <
e s§0 T (e 1) T lf] < el |e| .
Therefore

e~ s (/s ~ )

12k

2k—1
2

o<|il<1/|4

<

On the other hand, we have

k—1 s . k—2
eilt — 2 l—(e'” )S\ —ilt _ 2 l(s)( —it _ )s
s=0
I k—1
+—le " -1
Tk |
< e

Thus

5 | -t — 3k (19) fs 1) (et — 1)| |2k—l.

12k

(UESVAL
We have proved the inequality “ < ” in (3.4).
To prove the reverse inequality in (3.4), we consider two cases: | ¢|< $(2/7)* and
|t|=4(@2/7)*. For |t|<4(2/m)*, it is enough to restrict the sum in (3.4) to
-3@/m)*t ' <1< 0.Forl<0,|I®|/k'= (1/k")|I|F. Also,

‘e-ilf(] — e"")""do’>’f’(1 — i) ei0 g
0 0

_'/’(e-i(lﬂ)a _ 1)(1 _ ew)k—leiodo .
0

The first term on the right is equal to | 1 — e’ |* /k, which is larger than (2 /7 )* | ¢ |*/k
for |t|<. The second term on the right is less than (|¢[**'/(k + 1))|/+ 1],
which is less than 1(2/#)*|t|*/k for 0>1> —L(2/7)*|¢|"". Using (3.5), we
obtain, for - $(2/7)*|¢|"' <1<0,

k—1 1)

e-ilt _ 2

s=0

c =111,

(e = 1)°

s!
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and so

cle — 323 (19/s) (e — 1)

2k—1
12k :

2

—(1/4)2/m)*(1 /| <I<0

>t

For the case |f|=$(2/m)*, we only have to take the term /= —1. Since
| (-1)%®|/k!= 1, and

ik k
t i 9 k—1 _|1—e“| 2 kltl
[ —enan =Bt = (2) s =
(3.5) implies that the left side of (3.4) is bounded below by (2/7)2*(| ¢ |** /k?). This
in turn is larger than C|¢|**~! for §(2/m)* <|¢|< . This completes the proof of
Lemma (3.1).
The second lemma deals with products.

LEMMA (3.6). Let k = 1,2,.... For any two functions f, g defined on the integers,
and any integers j and |,

k=1 15
git)— 2 A’g(j)]

s=0

k—1 l(;)
B+ = B FEURU) =1 +1)

fG+n- 3 X1+ 1) | S ().

k—h—1 (l _ h)(s)
s=0 !

k-1
+ 2
h=0

Proor. This identity can be verified using induction and Leibnitz’s rule for
products:

S (k
(3.7) X)) = 3 (K)ag(aresi+m,

h=0

where j is an integer, and k& is a nonnegative integer.
The last lemma relates the L3, _, norm of (mf) to the Fourier coefficients of f.

LEMMA (3.8). Let k = 1,2,..., {m(j)}>_., a sequence of numbers, f be a trigono-

j=-o00
metric polynomial and A a set of integers. Then

(3.9)

2,2 N 2
T av _ +I +l _ zk;] l(s) ! As .
/ |(mf)|2|x|2k tax <Y EO (s + DUI/G )IZk s=0 (15 )8F()))|
_ I

2
m(j+1)— S (19 /s m( ) s 2
b ) = Do (/WM |

te3 TS

h=0 j [#0
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and
(3.10)

" . P 1) — S (19 s m( )
IHCAE RS> Iy ) = 2z UD/sOXmUDL 1
- JEA 1#0 e

k-1 1) = SEEA= () s DL
_ch§1 ng IEO D S_I(Z)k—Z(h /)%m()| |Ahf(j)|2
Loy s ImGEOTIG+ D~ B 008

12k
JEA 150

where the c’s depend only on k.

PROOF. In view of Lemmas (3.1) and (3.6), and the fact that | /) /h!|< c|I|" for
any integer / and h = 1,...,k — 1, it is sufficient to show that for h =1,...,k — 1
and any integers j and /,

m(j + 1) = 421 ((1= 1)V /s1)Am(j + h)|2

12k—2h

3.1y 3

1#0

Im(J +1) — S 1(1“)/S')A‘m(1)|
12k 2h

IaéO
To prove (3.11), define
k=h=1 (= )(s)

(3.12) R(j, 1 k,h) = 3
s=0

Nm(j+h)— -—Asm(f)

The proof of (3.11) will be completed by showing that

G133 RULEDE 5 mG+D =S5 (10/s)smn)]”

12k—2h 22k 2h

1#0 l=,é0

To prove (3.13) we will first prove the identity

(3.14)
k—h—1 h ) ¢ — k—h—1 h+q (s)
R(ji 1k, k) = 2 —LE (s )[m(j+h+q)— 2 B A‘m(j)].

t=0

To do this use the expansion in (3.3) on the term A’m(j + k) in (3.12) to show that
(3.15)

k= e
R(j,Lkh)= 2 |-
s=0

)(s) s

om( ) + L= 3 0 (g mGena)
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The difference of the right side of (3.14) and the right side of (3.15) is

k—h—1 k—h—1 @) ¢ s .
2= 3 S 3 e (gJoa TR
s=0

t=0

to show that this is 0 it is enough to prove that

o0 o § OIS Gegaeg

t=0

for 0 <s <k — h — 1.By induction on ¢ or by (8) on p. 10 of [4], the inner sum
equals (*,). Therefore, the right side of (3.16) equals

k—h—1
(3.17) st S ("t")( h )

=0 st
Since 0 < s < k — h — 1, Vandermonde’s identity shows that (3.17) equals s!(‘) =
[, This completes the proof of (3.16) and establishes (3.14).
To prove (3.13), change the order of summation in (3.14) to show that for / # 0,
k—h—1 ( h + )(s)

m(j+h+gq)— §0

k—h—1

R(j,lLk,h)<c 3
q=0

k—h—1

am(j)| 11

Hence

2 |R(j, 1, k, h)| 2 2

12k 2h
q=0 [#0

at m(Gi+h+q) = S (R + 9)st) A’m(1)|
E 2k—2h

CmGrhtg) - S a'm(j)

k—h—1 (h+q)(s)
s=0 s!

1#0

<c

q=0 |h'+ |
which is less than the right side of (3.13). This completes the proof of Lemma (3.8).

4. Periodic case: necessity. Suppose m(j) =0 for 0 <j <k — 1 and (1.6) holds
for all f € S,_,. We first observe that {m(j)} € /. This can be seen by taking
f(x)=e€V*, j< -1 and j=k, in (1.6). The rest of the proof is based on the
following lemmas.

LEMMA (4.1). Let k = 1,2,..., and {m(j)}}>_,, € I*. Suppose there is a trigono-
metric polynomial f, a positive constant B = B( ), a constant D depending only on k,
and a nonempty set of nonzero integers A such that

(4.2) fG)y=0, j=0,1,... k-1,
(43) [ “'ax<DB
(4.4) J 1™ ax < B,

YRR qk—1 .
(4.5) /(D=BliI" , jeA4,
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and
(4.6) |a ()< DBl ™', Rh=0,1,...k—1,j € A.
Then, for h = 1,2,...,k, m satisfies
. —_ K} . 2
(4.7) 2 jAA=D 2 Im(J +1) - Ef=<; (l( )/s!)A“‘m(j)| <t
jed 1#0 ** B’

where ¢ depends only on k and |\ m|| .
This will be used with functions given by the next two lemmas.

LEMMA (4.8). Let k= 1,2,.... Then there exists an integer N =2k, a number
1 <r <2, and a sequence of trigonometric polynomials { f,}>°, such that for n = N,
(4.2), (4.4)-(4.6) are satisfied with A = {j: n <|j|<n"} and B = clog n, where c is
positive and independent of n.

LEMMA (4.9). Let k = 1,2,..., and N = 2k be an integer. Then there exists a
trigonometric polynomial f such that (4.2), (4.4)—(4.6) are satisfied with B >0 and
A={j I <|j|I<N}L

Suppose we have these three lemmas, m(j) = 0 for 0 <j < k — 1 and m satisfies
(1.6) for fin S,_,. Let N and n be as in Lemma (4.8). Given p =N, let ¢ be a
nonnegative integer and let n = [u’‘]. Because of (1.6), the polynomials f, of Lemma
(4.8) satisfy (4.2)—(4.6) with B = clogn and D independent of n. Therefore, by
Lemma (4.1),

P - s s NG
2 jHR=D 2 |m(l +1) - 2f=(; (1( )/S!)A ’"(J)| <_¢

2h t )
M'1<|jl<[ll’l+l 1#0 I r logp,

Adding these for t = 0,1,2,... proves (1.7) for p = N. Similarly, from Lemma (4.9),
(1.6) and Lemma (4.1) we have

2
S DS Im(] +1)— 2?=l(}2’(ll(‘)/s!)Asm(])| e
1<|j|<N 10

Combining this with the previous case proves (1.7) for all p = 1.

PrROOF OF LEMMA (4.1). The proof for the case k = 1 uses Lemma (3.1) to prove a
discrete version of (2.8). The reasoning parallels that used in the proof of Lemma
(2.1) except for the conclusion.

For k > 1, the proof is by induction on k and is given in two steps. First we show
that there is a trigonometric polynomial g that satisfies (4.2)—(4.6) with k replaced by
k — 1, with B(g) = ¢B(f) and A(g) = A(f). From this it follows that m satisfies
@Nforh=1,....k— 1.

We define g as follows:

8(x) = [(1(0) dt =5 [Ty ar.
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Then g € L', $(0) = 0, and, forj # 0,
&(j) = 1(j)/i.

Therefore g satisfies (4.2). To prove (4.3), we observe that

.10 ["|(me)] I
-,
+cfﬂ

_f mf dtillz(knl

By Hardy’s inequality [5], the first term on the right is less than
2k— l
(411) f | (mf T 1™ dx < ().

The argument used to estimate the left side of (1.4) and its integral shows that the
second term on the right of (4.10) is also less than (4.11). Hence g satisfies (4.3). A
similar argument shows that it also satisfies (4.4).

That g satisfies (4.5) is obvious. To show that it satisfies (4.6), we observe that for
h=0,1,...,k — 2,

2k—1)— |

14 e 1? D=
f (mf) dtl |x|2(k D7 ax

X

Ng(j) = in'[ 7(j) /%],
where j* = jif j # 0 and 0* = 1. By (3.7),

! z (f)A‘fA(j)[A"”+]?

Ahg(j):_-_l (_]+S)*

hence, forj € A(f),
k—1—h—1

|8"8 ()| < eB(f)I]

The second step is to show that m satisfies (4.7) for & = k. To do this we use (3.10)
with 4 = A(f). By (4.3) the left side is less than B( f). Using the fact that m € [,
Lemma (3.1) and (4.4), the last term on the right is also majorized by ¢B( f). For
h=1,...,k—1,

2 2

JEA 10

by (4.6) and (4.7) for h < k — 1. All of these and (4.5) yield (4.7) with & = k. This
completes the proof of Lemma (4.1).

ProOOF OF LEMMA (4.8). First we observe that it is sufficient to obtain a sequence
of L™ functions, {g, ,}>-,, with the same properties as { f,}. Then we can take f, to
be a partial sum of the Fourier series of g, , such that [7, | £, [*| x |**~'dx < clogn,

and /,(j) = 8,.4(J) for |j|< (n + kY.
The g, ,’s are defined as follows. Let

i+ 1) = 3 (195 )8m()] | o
lm(.] ) s;gk—z(h /S) m(-])| |Ahfk(j)|2<cB(f),

g.(x) = x-][X[l/nz,l/n](x) - X[l/n,l](x)]'



L? MULTIPLIERS WITH WEIGHT | x |7 ~! 635
Fork =2,3,..., let

(4.12) k(X)) = (7™ — 1)_l[gn,k—l(x) - eixgn,k—l(zx)]'
Note that g, , is bounded and is supported in [2' “*n~2,1].

We show that {g, ,} satisfies (4.2) by induction on k. It is obvious that g, ,(0) = 0
Suppose {g, ,—1}, k = 2, satisfies (4.2). Let

(4.13) ba) = Bt _

0

2 Guilf)er.

j=-0

Then

=(1+e™) T dulj)e™

j=-o

eixgn k—l(2x)
1

e—ix —_
Therefore, (4.12) implies

(414) gn,k(j) = ;i)n,k(j) - (’i)n,,k([.]/zl)
It thus follows that g, ,(0) = 0. Also, from (4.13), we have

gn,k—l(j) = a)n,k(j + 1) - &)n,k(j)'
Since g, ,—(j)=0,7=0,1,...,k — 2, we have

&’n,k(o) = ‘35,.,/((1) == An,k(k -1),
so (4.14) implies g, ,(j) =0, j = 1,2,...,k — 1. This proves (4.2). Inequality (4.4)
with B = clog n can be verified by induction.
The proof of (4.5) and (4.6) is divided into two cases: k = 1 and k£ > 1. We first
consider the case k = 1. Let r be a number between 1 and 2 to be chosen later. We
write

. . -r 1 -r 1 i)
ba) = [7, e+ [7) F(enya
—ljl 1 l —ijt
+f dat — fn-' te Jidt.

The first term is equal to (2 — r)log n. The modulus of the second term is less than
|j|n~", which is less than 1 for |j|< n". The modulus of the third term is less than
(r — Dlog n. Upon integrating by parts, the modulus of the last term is less than
2n/|j|, which is less than 2 for |j|= n. By picking r = $ and N sufficiently large,
we obtain | g, ,(j) |~ clogn,n<|j|<n",n=N.

In order to simplify the proof of (4.5) and (4.6) for the case k = 2, we approximate
{8..) by {h, ,}, which is defined as follows. Let &, |(x) = g, ((x). Fork = 2,3,...,
let

Ry (x) = (—ix)_l[hn,k—l(x) = hyx—1(22)].
Again, h, , is bounded and is supported in [2' %172, 1]. As in the proof of Lemma
(2.5), we can, for k > 1, write
-1

4.15 hy(x) = ——= Ck,;8n1(27X),
(4.15) ()<_,x)2g()
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where ¢, ; is given by
k-1 k=2 )

(4.16) 2 x =11 (l -

j=0 =0 2!
It thus follows that

Ih,.k(x)|< P 2 |g..1(2x)],  k=2,3,....

For this and an induction on k, using the estimates

eix

e'ix -1 —ix

1
e x— 1 —IX

<c, for|x|<w,

we obtain
(4’17) |gn,k(x) - hn,k(x)l = ——lz—_z 2 |gn 1(2 x)l k = 2a 3’- R

To prove (4.5) for g, , for k > 2, it is sufficient to show that

@18) [hu() ~ 3 520, @)= i logn,  n<j<ninzw,

k—2
=0

where r, N are numbers to be chosen later. The reason is as follows. Since
gn,k(j) = 0;_] = O, 1,...,k - 2,

|gn,k(j)| =

. k2O
hn,k(j) - 2 TAhn,k(O)
1=0 -

. k2 O .
- (gn,k - hn,k)(j) - 2 —ITAI(gn,k - hn,k)(o)l
=0 :

The second term on the right is equal to
a7 . k=2 j(l) ) !
J [8ei®) = x| = 3 L (em = 1)) .
- =0

Using the fact that

(4.19)

k—2

e-ijt__z JI_( ”—l)

=0

k=1
<l |

b

and (4.17), it is seen that (4.19) is majorized by c|j|*~". Thus, if N is large enough
and (4.18) is assumed, we have

s {: k=1 N
18ai(D|=cljil logn, n<l|j<n’,n=N.
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In order to prove (4.18) we use (4.15) and a change of variables to obtain
R k—2 (
hn,k(j) - 2 _Alhn k(O)
1=0
k—1 - 1
= 2 ck,sZS(k_Z) —

s=0 /"” (—i )k !

1 Jj
— s(k—2)
2“2 f—z(,t)k't(k 1!

+zc poa [ L1

-2 (tt)k T

k=2 .u

0 [ - 3 Lp(em- 1)’] d

=0
(k—1)

(=it2=5) " ar

e-ii27t 2 (e-uz s '1)1__ J(

k—1 k=2 .1

- 1 1 e () s

] ——.t)k-ﬁle"” ‘= 3 fre 1)’] dt
s=0 n —l =

1
-1( )klt

By (4.16) the modulus of the first term is equal to

RS ST R I

T (1-2) E L sem -,

Using the estimate

—ij27% S JO (i ! jEY —sp k1 k k
e % 7(e - 1) _(k——l_)!(_iz )" <l (127),

the modulus of the second term is less than c | [*n™", which is less than ¢ |j|[*~" for
|/ |<n'". A similar estimate shows that the modulus of the third term is less than

2 e 2 sJ_l)L'(k,g,,)(, ).

By estimating the integral of each term separately we obtain that the modulus of the
last term is less than c|j|*~' for |j|= n. By choosing r close enough to 1 and N
large enough we get (4.18).

A similar argument shows that in order to prove (4.6) for k = 2, it is sufficient to
prove

k (
(420) (&, () - 3 ’—Ah*’hnk(0)<c|f|""‘1ogn,
!

n<l|j|<n’,n=N.
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To prove (4.20) we observe that its left side is equal to
k— h 2 .(1)

[ st =) [ L ey a

=0
This is less than

k—h— l k—h—1 qk—h—1
k,s n,l o n,
E lee.sl | Itl g @ 1" 1 dt < c|j| log

by changmg the variable and performing the integration. This concludes the proof of
Lemma (4.8).

PrOOF OF LEMMA (4.9). Define f(x) = Z,<)j<n e/, Then f has all the required
properties.

We have thus completed the necessity part of the proof of Theorem (1.5).

5. Periodic case: sufficiency. Suppose m € /*, and, for h = 1,...,k, it satisfies
(1.7). We use (3.9) and have

RV I (C T

ces s ImGHDEIG + 1) = B4 (19087

2k
J %0 l

k! m(j+ 1) — S5 (19 s 8m() |, . 2
+e3 33 LICR) ng_z(,, /s)8m()) | ()]
R=0 j 10

By the fact that m € I*° and Lemma (3.1), the first term is bounded by
7 2 2k—1
ef VI e a
To estimate the second term, we let

|m(j + 1) = k(19 /s50) A‘m(j)|

12k 2h

wk,h(j)_ h=0,1,...,k— 1.

1#0
Since f(I)=0,1=0,1,...,k — 1,

k— -1 j(s) 4
WFDI=| [ A =1 = 3 L 1)]dz
<)< If(t)l " " el
k—h— l k—h—1
+) AN 1" dt.
1/h=<l|<m
Therefore the last term of (5.1) is majorized by a sum of terms of the form
2
2k—2h k
(52) ¢ S UM D[ 1ol al
=1 1=<1/lj|
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and

2
(2k—2h—2 . k=1
S N 0| VO [
=1 1/l <=

h=0,1,...,k — 1. By Hardy’s inequality with weights [1], (5.2) is bounded by
™ | f(x) || x |**~" dx provided we have

4 2k—h) N
2 U wk,h(f)—zgc‘
1<|jj<n n

This inequality is true since the left side is less than I, <, | j|2("—"~'>wk_h( N,
which is less than ¢, by (1.7) with & replaced by k — k. Similarly (5.3) is majorized by
™ 1 f(x)|*| x |**~ ! dx provided we have

J2k—h—1) .
2 wy 4(j)log mn < c.
|j|>n

This is also true from (1.7) with & replaced by k — A. This concludes the proof of
Theorem (1.5).
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